ON KAZHDAN-LUSZTIG CELLS IN TYPE B
CEDRIC BONNAFE

ABSTRACT. We prove that, for any choice of parameters, the Kazhdan-Lusztig
cells of a Weyl group of type B are unions of combinatorial cells (defined using
the domino insertion algorithm).

Let (W,,S,) be the Weyl group of type B,, where S, = {t,s1,...,5,-1} and
where the Dynkin diagram is given by
t S1 So Sn—1

oc—O— O - —O

Let ¢: W, — N=1{0,1,2,3,...} be the length function. Let ' be a totally ordered
abelian group and let ¢ : W,, — I" be a weight function (in the sense of Lusztig [10,
§3.1]). We set

et)=0b and ¢(s1) == @(sp_1) = a.
To this datum, the Kazhdan-Lusztig theory (with unequal parameters [10]) asso-
ciates a partition of W, into left, right or two-sided cells [10, Chapter §].

In [3, Conjectures A and B|, Geck, Tancu, Lam and the author have proposed
several conjectures for describing these partitions (at least whenever a, b > 0, but
this is not such a big restriction, as can be seen from [2, Corollary 5.8]): they
involve a domino insertion algorithm. Roughly speaking, one can define a partition
of W, into combinatorial (left, right or two-sided) (a,b)-cells (which depend on a,
b and which are defined combinatorially using the domino insertion algorithm):
the combinatorial (left, right or two-sided) cells should coincide with the Kazhdan-
Lusztig (left, right or two-sided) cells. The aim of this paper is to prove one of the
two inclusions (see Theorem 1.24):

Theorem. If two elements of W, lie in the same combinatorial (left, right or two-
sided) cell, then they lie in the same Kazhdan-Lusztig (left, right or two-sided) cell.

In the case of the symmetric group, the partition into left cells (obtained by Kazh-
dan and Lusztig |7, Theorem 1.4]) uses the Robinson-Shensted correspondence, and
the key tool is a description of this correspondence using plactic/coplactic relations
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2 C. BONNAFE

(also called Knuth relations). For W,,, whenever b > (n — 1)a, the partition into
left, right or two-sided cells was obtained by Iancu and the author (see [4, Theorem
7.7] and [1, Corollaries 3.6 and 5.2|) again by using the translation of a generalised
Robinson-Shensted correspondence through plactic/coplactic relations.

Recently, M. Taskin [13] and T. Pietraho [12| have independently provided plac-
tic/coplactic relations for the domino insertion algorithm. Our methods rely heavily
on their results: we show that, if two elements of W,, are directly related by a plactic
relation, then they are in the same Kazhdan-Lusztig cell. The key step will be the
Propositions 2.14 and 2.15, where some multiplications between elements od the
Kazhdan-Lusztig bases are computed by brute force and their consequences (see
Propositions 4.1 and 6.1), where it is proved that some elements are in the same
left cells. Then, the rest of the proof just uses the particular combinatoric of Weyl
groups of type B, together with classical properties of Kazhdan-Lusztig cells.
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4 C. BONNAFE

1. NOTATION

1.A. Weyl group. Let (IW,,S,) be the Weyl group of type B,, where S, =
{t,s1,...,8,-1} and where the Dynkin diagram is given by

t 81 S2 Sp—1

oc————O0— - - —O

Let 0 : W,, = N={0,1,2,3,...} be the length function. Let I, = {£1,...,£n}: we
shall identify W,, with the group of permutations w of I,, such that w(—i) = —w(i)
for all w € I,,. The identification is through the following map

t— (1,-1) and s;+— (4,44 1)(—i,—i —1).

We shall often use the following well-known lemma:

Lemma 1.1. Let w e W,,, i€ {1,2,...,n—1} and j € {1,2,...,n}. Then:
(a) l(ws;) > L(w) (that is, ws; > w) if and only if w(i) < w(i + 1).
(b) L(wt;) > (w) if and only if w(j) > 0.

The next notation comes from [4, §4]: it is rather technical but will be used
throughout this paper. We set t; =r; =t and, for 1 <7< n — 1, we set

Tiv1 = sim; and  fi = sits;.

As a permutation of I,,, we have

(1.2) t, = (i,—i)
and
—i ifj=1,
(1.3) ri(j)=4qj—1 if2<y<q,
Jj ifi+1<j5<n.

An easy computation shows that, if j € {1,2,...,n—1} and i € {1,2,...,n}, then
TiS;j if j > 1,
T if 1 = .,
(1.4) 8;T; = A ].
Ti1 if j=1-—1,
TiSjt+1 1f1<]<l—1
Note also that, if [ > 2, then
(1.5) nry = Tri-1rsa.

If 0 <1l < n, we set
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As a permutation of [,,, we have

) - S,
In particular,
(1.7) al=aq
and, if i € {1,2,...,n — 1} \ {l}, then
s ifi<l,
(1.8) s = {sl ifi> 1.
This shows that a; normalizes &;,,_;. Note also that
(1.9) ta) = - Y.

We shall identify the symmetric group &,, with the subgroup of W,, generated by
S1,- .., Sp_1. We also set I7 = {1,2,...,n}. Then, as a group of permutations of
I,,, we have
(1.10) S,={weW,|wl)=1I}

If 1 <i<j<n,wedenote by [i, j| theset {7,i+1,...,7} and by &, ; the subgroup
of W,, (or of &,,) generated by s1, So,..., sj_1. If j < i, then we set [i, j] = @ and
o5 = 1. As a group of permutations of I,,, we have

(1.11) S ={we 6, |Vkell\[ij,wk) =k}

The longest element of W,, will be denoted by w, (it is usually denoted by wy,
but since we shall use induction on n, we need to emphasize its dependence on n).
We denote by o, the longest element of &,,. The longest element of &j; ; will be
denoted by oy; ;. As a permutations of I,,, we have
(1.12) w, = (1,-1)(2,-2) -+ (n, —n).

Note also that

Wy, =ty oty =1y toly

(1.13) Wy, = AnOp = Only,
Op = O[]

and that

(1.14) wy, is central in Wi,

1.B. Decomposition of elements of W,,. If 0 <! < n, we denote by &;,,_; the
subgroup of &,, generated by {s1,...,s,—1}\ {s:}. Then &, ; = Gpy ~ S,
6; X 6,,_;. We denote by Y, ,,_; the set of elements w € &,, which are of minimal
length in w&;,,;.
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If w € W, we denote by ¢;(w) the number of occurences of ¢ in a reduced decom-
position of w (this does not depend on the choice of the reduced decomposition).

We set (s(w) = l(w) — i (w).

Lemma 1.15. Let w € W,,. Then there exists a unique quadruple (I, «, 3,0) where
0<Ii<n,a, BEY,ando € &, are such that w = aa;03~". Moreover, there

exists a unique sequence 1 < iy <ig < --- < 1 < n such that aay = 1y, 15, -+ - 15, We
have
U(w) = l(a) + Ua) + (o) + £(3),
ft(w) =1

and {iy,....iy ={i €[l,n] | w (i) < 0}.
Note also that l

=2 (0=

k=1
Proof. See [4, §4, and especially Proposition 4.10]. O

Ifle0,n]andif 1<iy < -~ <y <nand 1l < j; < -+ < j,y <n are two
sequences such that [1,n] = {iy,..., 4} U{j1,...,jJnt}, then it follows easily from
1.3 that

(1.16) (riy - ori) ) =k—1—-1 if1<k
. (ray =) ) = L+ k if 1<k

[
n — L.

NN

The elements «, § and o of the previous lemma will we denoted by «,,, £, and
0, respectively. We have

(1‘17) gt(w_l) - gt(w>7 Q-1 = ﬁwa Bw*1 = Qg and Oy—1 = al(aw)_lal'
We shall now describe how the multiplication by the longest element w,, acts on

the decomposition given by Lemma 1.15. For this, we denote by o0;,_; the longest
element of G;,,_;.

Proposition 1.18. Let w € W, and let | = {;(w). Then:
(a) l(w,w) =n—1.
(b) aww = awanan 11 and By, w = BuwOnOn—1.
(€) Owyw = 0000, opiy.
(d) Let 1 <4y < --- < iy < n be the sequence such that c,a; = 1y -+ -1;,. Then

Qs = Tjy =+ 15, Where 1 < gy < -+ < jpy < is the sequence such that
{Zla Zl}U{jb"'u?TL*l}_ [1,”]
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Proof. (a) is clear. (d) follows from Lemma 1.15. We now prove (b) and (c) simul-
taneously. For this, let o = @,0,0,-11, ' = Buwonon_i; and o' = 0,0,0, 0.
We need to show the following three properties:

(1) o, B € Yoy

(2) o' € G-

(3) wow = 'a,_10' 31
For this, note first

036110, = Gy,

so that (2) follows immediately. This also implies that 0,0, 0, = 0;,_; because
conjugacy by o, in G,, preserves the length.

Let us now show (1). Let i € {1,2,...,n}\ {n —1}. We want to show that
l(a/s;) > ((a/). By Lemma 1.1, this amounts to show that /(i +1) > &/(i). But
o = o0y Alsoo,(i)=n—i>o(i+1)=n—i—landn—iandn—i—1
both belong to the same interval [1,1] or [[+1,n|. Hence 0,0, (%) < 0y5-10,(i+1)
and @,07,5,10, (1) < Qo n_10,(i + 1) since B, € Y;,,—;. This shows that o/ € Y,,_,.
Similarly, 5’ € Y,,_;;. So (1) is proved.

It remains to show (3). We have

a0’ 37 = (OnOn-11) - Gni - (0n0w0, Onry) - (0,20, 0,0)
= OO 1100 1000wy
But 0,11 = Opn—i41,00n—1 and Un(f[n—l+1,n]07;1 = O[] = 01 80
O/an—lo-/ﬁ/_l = O‘wo-lo-no-n—lan—lo-rjlgwﬁ;l
= awalgnwn—lgglawﬁv;la

1

the last equality following from 1.13. Now, o,w, 0, ' = ww, (see again 1.13) so

/ ! r—1 -1
oq'a,_0 3 = QoW W0y, 03,
—1
= awalwno—wﬁw
-1
= wnawala—wﬁw = WrWw,

the second equality following from 1.13 and the third one from the fact that w, is
central (see 1.14). O

1.C. Subgroups W,,, of W,,. If m < n, we shall view W,,, naturally as a subgroup
of W,, (the pointwise stabilizer of [m + 1,n]). It is the standard parabolic subgroup
generated by S,, = {t,s1,...,S$n_1}: we denote by X{™ the set of w € W, which
are of minimal length in wW,,. For simplification, we set X,, = X5V Tt follows
from Lemma 1.1 that:
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Lemma 1.19. Let w be an element of W,,. Then w belongs to xm if and only if
0<w(l) <w(2) <--- <w(m).

If I ={iy,...,5} C[l,n—1] with i, <--- <, then we set

Cr = 5i,5i, -+ 8;, and  dr = 8;, 5,5,

By convention, cg = dg = 1. We have

(1.20) Xn = {C[i,n—l] | 1 < 1 < Tl} U {d[l,i}tc[l,n—l] | 0 < 1 < n— 1}

1.D. Hecke algebra. We fix a totally ordered abelian group I' (denoted additively)
and a weight function ¢ : W,, — I'. We set

e(t)=b and @(s1) =a (=@(s2) ="+ =@(sp-1)).
Note that
(1.21) o(w) = L(w)b+ Ls(w)a

for all w € W,,.
We denote by A the group algebra Z[I']. We shall use an exponential notation:

A= @ Ze, where e - e = et for all v, ¥/ € I'. We set
yel’

Q=¢" and ¢=e"
Note that @) and g are not necessarily algebraically independent. We set

v<0

and we define similarly A<y, Aso and Aso.

We shall denote by H,, the Hecke algebra of W,, with parameter ¢: it is the free
A-module with basis (T, )wew, and the multiplication is A-bilinear and is completely
determined by the following rules:

TwTw = Tyw if l(ww') = l(w) + L(w'),
(T — QT+ Q1) =0,
(Ts, —q)(Ts, + ¢ ) =0 if1<i<n—1.
We also set
HO= @ AT,

wEWn

Finally, we denote by : H, — H,, the unique A-semilinear involution of H,, such
that €Y = e ¥ and T, = Tuj_ll for all v € I and w € W,,.
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1.E. Kazhdan-Lusztig basis. We shall recall here the basic definitions of
Kazhdan-Lusztig theory. If w € W, then [10, Theorem 5.2| there exists a unique
Cw» € 'H, such that

Cyp=Cy
Cy,=T, modH:D.
Note that [10, §5.3]
(1.22) Co—Tye & ATy,
w! <w

where < denotes the Bruhat order on W,,. In particular, (Cy,)wew, is an A-basis of
‘H,,, called the Kazhdan-Lusztig basis of H,,.

1.F. Cells. If z, y € W,, then we shall write z L y (resp. x L Y, resp.
g EE y) if there exists h € H,, such that the coefficient of C, in the decomposition
of hCy (resp. Cyh, resp. hCy or Cyh) is non-zero. We denote by <, (resp. <g, resp.
<1r) the transitive closure of L (resp. i, resp. ﬁ) Then <, <p and <;r
are preorders on W, and we denote respectively by ~, ~g and ~r the associated
equivalence relations [10, Chapter 8|. An equivalence class for ~p (resp. ~g, resp.
~rr) is called a left (resp. right, resp. two-sided) cell. We recall the following result
[10, §8.1]: if =, y € W,,, then

(1.23) T~py =1t ogy Tt

1.G. Domino insertion. If >0 and w € W, then the domino insertion
algorithm (see [8], [14], [15]) into the 2-core 6, = (r,r — 1,...,2,1) associates to w
a standard domino tableau D, (w) (with n dominoes, filled with {1,2,...,n}). If D
is a domino tableau, we denote by sh(D) its shape: we shall denote by sh,(w) the
shape of D,(w) (which is equal to the shape of D,(w™'), loc. cit.).

If x and y € W, we shall write x ~] y (resp. = ~} y, resp. = ~}p y) if
D.(z7') = D.(y7") (resp. D,(z) = D,(y), resp. sh,(x) = sh,(y)). These are
equivalence relations on W,. Note that ~}  is the equivalence relation generated
by ~7 and ~7,.

We denote by ~7 (resp. a5, resp. & +!) the equivalence relation generated

by ~%5 and ~7" (resp. ~% and ~% resp. ~% p and ~7H). Recall the following

conjecture from [3, Conjectures A and B|:

Conjecture. Assume that a, b > 0. Let r >0 and ? € {L, R, LR}.
(a) If ra <b < (r+ 1)a, then the relations ~» and ~% coincide.

(b) If r > 1 and b = ra, then the relations ~» and =~ coincide.
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The main result of this paper is the following partial result towards the previous
conjecture:

Theorem 1.24. Assume that a, b > 0. Let r >0, ? € {L,R, LR} and z, y € W,,.
Then:

(a) If ra <b < (r+1)a and x ~} y, then x ~- y.

(b) If r > 1, b=ra and x =} y, then x ~9 y.

The other sections of this paper are devoted to the proof of this theorem.

COMMENTS - If one assumes Lusztig’s Conjectures P1, P2.... P15 in [10, Chapter
14], then Theorem 1.24 implies that the statement (a) of the Conjecture is true.
Indeed, Lusztig’s Conjectures imply in this case that the left cell representations are
irreducible, and one can conclude by a counting argument. It might be probable
that a similar argument applies for the statement (b), using results of Pietraho [11]:
however, we are not able to do it.

In the case where b > (n — 1)a, the Theorem 1.24 was proved in |4, Theorem 7.7|
(in fact, the conjecture was also proved) by using a counting argument. The proof
here does not make use of the counting argument. 0O

2. KAZHDAN-LUSZTIG POLYNOMIALS, STRUCTURE CONSTANTS

Hypothesis and notation. From now on, and until the end of
this paper, we assume that a, b are positive. Recall that Q = € and
q = ¢, sothat Z[Q,Q ", q,q7 ] C A. If p e Asy, we denote by p(0)
the coefficient of 1 = € in the expansion of p in the basis (€7)er.

2.A. Recollection of general facts. If z and y are elements of W,,, we set
C:L"Cy = Z hz,y,zCZ7
ZGWn

where the h,, . belong to A and satisfy

hx?y7z = hx7y7z.
We also set

Cy = Z p;yTx and px:y = e‘p(y)*tp("r)p;y.
zeWn,
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Recall [10, Proposition 5.4] that

(pz,y = DPyy = 17

Pry € Ao if v £ y.
(2.1) Py =Psy=0 1ifzLy,

Pey € Ao,

\paay(o) =1 ifz <uy.

Now, if s € S,,, Lusztig [10, Proposition 6.3] has defined inductively a family of
polynomials (M7 )sz<z<y<sy by the following properties:

z,y
(2.2&) M;,y = Mﬂiy’
(2.2b) Mg, + Y 0 M, —e?Op; € A,

With this notation, we have [10, Theorem 6.6]:

Theorem 2.3 (Kazhdan-Lusztig, Lusztig). Let s € S,, and let y € W,,. Then:
Csy + Z M; ,Cp if sy >y,
(a) CsCy = sTr<x<y
(e¥) 4 e7#)) O, if sy <y.
(b) If sy <y, and if x <y, then

q2px,sy +psz,sy - Z eSO(y)iw(Z)pz,zMisy Zf s <z,

= r<z<sy
Da.y s2<z

DPsz,y Zf ST >,

* * * s .
4Dz sy + Pszsy — § p:p,zMz,sy Zf sr <z,
* _ < <

e PB)pt y if sT > .

Corollary 2.4. If s, s € {s1,...,8,-1} and x, y € W, are such that sx < x <
sx =y < sy, then x ~r y.

Proof. See [9, Proposition 5 (b)]. O

2.B. Special features in type B. The previous results of this section hold
for any Coxeter group (finite or not). In this subsection, we shall investigate what
is implied by the structure of W,,. The particular ingredient we shall need is the
following lemma [4, §4]:
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Lemma 2.5. {a; | 0 <1< n} is the set of elements w € W,, which have minimal
length in S, w6,,. If v < a; for some |l € {1,2,...,n} and some x € W, then
gt(l’) < &g(@l) =1.

It has the following consequences (here, if p € Z[q], we denote by deg, p its degree
in the variable ¢):

Corollary 2.6. Let x and y be two elements of W,, such that v < y and {,(z) = ;(y).
Then:
(a) puy € Z[g| and, if © # y, then deg, Py < (y) — l(x).
(b) If 1<i<n—1is such that s;p < x <y < sy, then M, € Z: it is the
constant term of qp.,, (€ Zlg™']).

Proof. We shall prove (a) and (b) together by induction on the pair (¢(y), {(y)—£(z))

(with lexicographic order). The result is obvious if ¢(y) = £(z) or if /(y) < 1. So

assume now that ¢(y) > 1, that ¢(y) — ¢(z) > 0 and that (a) and (b) hold for all

pairs (z/,9') such that (¢(y'), 4(y') — €(z')) < (L(y),(y) — €(x)). First, note that
efW)—el@) — (ty)—ta)

because @(y) — p(x) = (Cy) — ()b + (L(y) — La(z))a = (Ls(y) — Ls(x))a =
(ty) — {(x)a.

Let us first prove (a). So we have x < y and {;(z) = ¢;,(y). By Lemma 2.5, this
implies that there exists i € {1,2,...,n — 1} such that s;y < y or ys; < y. In the
second case, one can exchange y and y~! (and z and z~') by using |10, §5.6], so that
we may assume that s;y < y. Then, Theorem 2.3 (b) can be rewritten as follows:

(q2px,siy - qé(y)—é(x)ijSiy) + Psix,s;y — Z qf(y)—ﬂ(z)pszMzsj-Siy if S$ix <,

— r<z<8;yY
pz,y siz<zL

Dsiz,y if s,z > .
If s;x > x, then the result follows from the induction hypothesis. If s;x < z, then

CPasy — "V TOM = T gp - M)

i T,5:Y
belong to Z[q] and has degree < {(y) — ¢(x) by the induction hypothesis. The other
terms in the above formula also belong to Z[q] and also have degree < {(y) — {(z)
by the induction hypothesis. So we get (a).
Let us now prove (b). So we assume that s;z < x < y < s;y. Then, using the
induction hypothesis and 2.1, the condition 2.2 (b) can be rewritten

M?y B qp;,y € Ao

Now, the result follows easily from (a). O
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Now, if tx < < y < ty are such that ¢,(x) = ¢,(y), let us define a polynomial
Uy € Zlg) by induction on {(y) — ¢(x) by the following formula:

= Pzy — j{: D zflzy-

r<z<y
tz<z

Indeed, it follows from Corollary 2.6 (and an induction argument on ¢(y) — ¢(x))
that

(2.7) fzy € Zlg] and  degg pzy < L(y) — €(z).

Moreover:

Corollary 2.8. Assume that tx < x <y < ty and that {;(z) = €,(y). Then:
(a) IFb > (L(y) — U(x))a, then My, = Qq" = Wy, + Q™1 q" W=,
(b) If b= (L(y) — £(x))a, then Mé’y = gy + Fay — Hay(0).

Proof. Let us assume that b > (¢(y) — ¢(x))a. We shall prove the result by induction
on E( ) — /(). By the induction hypothesis, the condition 2.2 (b) can we written
—Qq" I Wp,, + > pm<Qq T O A T y> € A

r<z<y
tz<z

But, if z < z < y and tz < z, then

pzzQ 1 Zy) Z(Z)Iu € Ao

because p; , € Ao, iz, € Ago and QW) = b+ tW)=U=)a ¢ A_ (since
Uy) —(z) < Ly ) —{(x)). Therefore,

— Qg Wp, .+ > Q"I W, .y € Ay

r<z<y
tz<z

In other words,
— qu(w)—f(y)'ux’y € Ay.
Let u= qu(x)_f(y),ux,y. Two cases may occur:
o If b > ({(y) — £(z))a, then pu € A.y and so the condition 2.2 (a) forces
M, = p+ i, as required.
o If b = ({(y) — {(x))a, then p = p,, € Aso and now the condition 2.2 (a)
forces M, = pu+ i — 11(0), as required.
The proof of the Corollary is complete. O

We conclude this subsection with a result involving the decomposition of Lemma
1.15.
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Lemma 2.9. Let x and y be two elements of W,, and let s € S, be such that
st <z <y<sy l(zx)="l(y) and B, = B, = B. Then M;, = M 5 (note that
Bug = Bys =1).

Proof. See |4, Proposition 7.2|. Strictly speaking, in [4], the authors are generally
working with a special choice of a function ¢ (“asymptotic case”): however, the
reader can check that the proof of this particular result, namely [4, Proposition 7.2|,
remains valid for all choices of parameters. O

We conclude by another useful result:

Proposition 2.10. Let | € [0,n], let o and o’ € &,,—; be such that o ~1, o' and let
B €Y. Then
amﬁ’l ~, ala’ﬁfl.

Proof. By the description of Kazhdan-Lusztig left cells in the symmetric group |7,
Theorem 1.4 and §4], we may assume that there exist two elements s and s’ in
{S1,---,81-1, 8141, - - - » Sp_1 } such that 0/ = s'o and so < 0 < ¢/ < so’. Let u = q;sq,
and v’ = @;5'a;. Then u and v’ belong to {s1,...,$-1, Si41,.-.,S,—1} by 1.8, and

w7t < qoft < Wao B = ao’ 7Y < waio’ 57

So (x) follows from Corollary 2.4. O

2.C. x-operation. We shall recall the definition of the x-operation (see [7, §4])
and prove some properties which are particular to the type B. Let us introduce
some notation. If 1 <i<n—2and x € W, we set

Ri(x) = {s € {si,sit1} | l(xs) < {(x)}.
We denote by D;(W,,) the set of x € W, such that |R;(z)| = 1. If = € D;(W,,), then
it is readily seen that the set {xs;, xs;11} N'D;(W,,) is a singleton. We shall denote
by 7;i(x) the unique element of this set (it is denoted by z* in |7, §4], but we want
to emphasize that it depends on 7). Note that

Yi 0% = IdDi(Wn) .

We recall Kazhdan-Lusztig result |7, Corollary 4.3|: if  and y € D;(W,,), then
(2.11) v~y == (@) ~r ).

The fact that ¢ is not conjugate to any of the s;’s implies the following easy fact:
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Proposition 2.12. Let x € W, and let 1 < k <n—1. Then xs, > x if and only if
trsy > tx.

Proof. Indeed, by Lemma 1.1, we have xs; > x if and only if z(k) < z(k + 1). But,
for any j € IF, there is no element j' € I, such that t(j) < j' < j. So z(k) < z(k+1)
if and only if tx(k) < tx(k + 1) that is, if and only if tzsy > tz (again by Lemma
1.1). 0

The proposition 2.12 implies immediately the following result:

Corollary 2.13. Let x € W, and let 1 <i<n—2. Then x € D;(W,,) if and only
if te € D;(W,,). If this is the case, then ~;(tx) = tvy;(x).

2.D. Two relations «~—. The crucial steps towards the proof of Theorem 1.24
are the following two propositions, whose proofs will be given in sections 3 and 5
respectively.

Proposition 2.14. Let | € {1,...,n — 1} and assume that b >(n — 1)a. Then
Mt

T1T10[141,n]572---TITnO[141,n] 7&

Proposition 2.15. Let [ € {1,...,n— 1} and assume that (n —2)a < b <(n—1)a.
L

Then al,la[l,n} — OllO'[l’n].

3. PROOF OF PROPOSITION 2.14

Notation. If u, v € W, are such that u < v, we denote by [u;v]
the Bruhat interval between w and v. In this section, and only in
this section, we assume that [ > 1 and b >(n — 1)a and we set v =
TL o T0(41m] ONd Y = T2 TR0 1]

3.A. Easy reduction. Note that

tr <x <y <ty,

so it makes sense to compute M . Moreover, {(y) — {(z) = n — 1 so, by Corollary
2.8, we only need to prove that p,, # 0 (even if b = (n — 1)a). For this, we only
need to show that

(?) pay(0) 7 0.
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3.B. The Bruhat interval [x;y]. First, note that
T = Qi0fi+1,n) = Ofi+1,n]A

and Y =51 81-18p—1" " SIT = 81+ S1-18p—1" " * S10[l41n] A = C[1,1-1)0[1,n]A1-
Since a; has minimal length in &,a;, the map

(Ol CLi—1)0m)] — (T3]
z — oz
is an increasing bijection [10, Lemma 9.10 (f)]. Since the support of ¢y ;—q) is disjoint
from the support of oy, the map
L5 epg) X [Opsin); oum] —  [O@1n]5 CLi-10m)]
(z,2) — zz'
is an increasing bijection (for the product order). Now, O[1,n) is the longest element
of 6[1,71] and Ol+1,1)0(l,n] = Cll,n—1]- Therefore, the map
L cun-1)] —  [op41.0); Om))
z — ZO’[l,n]
is a decreasing bijection. So, if we denote by P(FE) the set of subsets of a set E,

then the maps
P([]_,l — 1}) — [1, C[Ll,H]
I — cr

P(ll,n—1]) — [ops1n; 0pm)

and J - ¢70lm]

are increasing bijections (here, J denotes the complement of .J). On the other hand,

the map
P(L,l—-1) xP(ll,n—1]) — P([1,n—1))
(1,J) — 1uJ
is an increasing bijection. Finally, by composing all these bijections, we get an
isomorphism of ordered sets

a: P(L,n—1) — [ Y]
1 I AT O ln) G-

3.C. The elements z € [x;y]| such that tz < z. If I C [1,n — 1] is such that
ta(l) < a(l), we set fiy = fta(1),4(0). So we can rephrase (7) as follows:

(72) fis 0.
But, by the induction formula that defines the p-polynomials and by 2.1, we have,
for all I C [1,n — 1] such that ta(l) < a(l),

(3.1) ar=1- Z iiy.
IGJC[1,n—1]
ta(J)<a(J)



ON KAZHDAN-LUSZTIG CELLS IN TYPE B 17

Let
E={IeP(l,n—-1]) | ta(l) < a(l)}.
The set £ is easy to describe:

Lemma 3.2. Let I C [1,n — 1]. Then ta(l) > o(I) if and only if [1,1 —1] & 1.

Proof of Lemma 3.2. By Lemma 1.1, we just need to show that

(#) a(l)™H(1) > 0 if and only if 1,1 — 1] ¢ I.

For simplification, we set A = [1,l —1]N I and B = IN[l,n—1]. So a(l) =
CACBUUWNU‘

First, assume that [1,/ — 1] € I. Then 0 < ¢;'(1) < n, so a[ﬁl]c}glc;l(l) =c;'(1)
and a(1)7(1) = a; '(c;"(1)) < 0 by 1.6. This shows (#) in this case.

Now, let us assume that [1,{ — 1] = 1. Then cy = s1---8_1 and cg = §;+ -+ Sp_1
and so ¢;' (1) = [ and ¢5'(I) = n. In particular, a(1)~1(1) = a; "o (n) = a; (1) =
—1 < 0 by 1.6. This shows (#) again in this case.

Now, let us assume that [1,{ — 1] & I. Then ¢;*(1) = [ and cz'(I) < n and so
oii]cglczl(l) > 1. So a(I)7}(1) > 0 by 1.6. The proof of (#) is complete. O

3.D. Computation of the fi;. We shall now compute the family (fif);ee by
descending induction on |I|, by using the formula 3.1. For this, the following well-
known lemma will be useful.

Lemma 3.3. If S is a finite set and I & S, then Z (-1 =o0.

ICJCS

To obtain the value of fig, the proof goes in three steps.

(3.4) If[l,n—1C1IG[1,n—1], then iy = (—1)" 1.

Proof of 3.4. First, note that [ € £ by Lemma 3.2. We argue by descending in-
duction on |I|. If |I| = n — 2, then fi; = 1, as desired. Now, let us assume that
[l,n—1]C I ¢ [1,n—1] and that iy = (—1)" Wl forall I ¢ J & [1,n — 1]. Then,

by 3.1, we have
pr=1- Z (=1
I1GJG[1,n—1]
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Therefore,
fir = T (1) M (D SRyt = (-l
1CJIC[1,n—1]
the last equality following from Lemma 3.3. U
(3.5) If I € & is such that [l,n — 1) € I and I L [1,1 — 1], then f; = 0.

Proof of 3.5. We shall again argue by descending induction on |I]. Tet I’ = I U
[[,n — 1]. Then, by 3.1, we have
ir=1— > - Y [
JeE Je€
IGJ and I'CJ IGJ and I'ZJ

But, if J € £ is such that I & J and I’ € J, (or, equivalently, [I,n — 1] € J), then
ft; = 0 by the induction hypothesis. On the other hand, if J € £ is such that I & J
and I'  J, then ji; = (—1)"~I by 3.4. Therefore,

pr=1- > (= M=1- 3" () M=— Y (-1 V=0

1 gneng’CJ I'CJIG[1,n—1] I'cJC[1,n—1]
by Lemma 3.3. U
(3.6) If I C[1,1—1], then iy = (—1)!"71,

Proof of 3.6. Note that I € £. We shall argue by descending induction on |I|. First,
for all J such that I & J C [1,n — 1], we have ta(l) > o([). Therefore, fip ;1) = 1,
as desired.

Now, let I & [1,l — 1] and assume that, for all I & J C [1,] — 1], we have

fiy = (—1)""I. Then
pr=1-— Zﬁf-

JEE
1GJ

Now, if J € £ is such that I & J, then three cases may occur:
o If J C[1,1—1], then iy = (—1)""'=II by the induction hypothesis.
o If JZ[1,l—1]and [l,n— 1] € I, then fi; = 0 by 3.5.
o If [I,m — 1] C J, then ji; = (—1)"" VI,
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Therefore, if we set I’ = I N [l,n — 1], then we get

fr=1-— Z (—1)n I - Z (—1)1 1,

I'CIG[n—1] 1GJC(1,1—1]
But
D DR C VU DI e Ve
I'CIG[ln—1] I'CIC[ln—1]
and  — Z (_1)z—1—u| _ (_1)z—1—|1\ _ Z (_1)l—1—|J| _ (_1>l—1—|I|
1GJC[1,1-1] ICJC1,1-1]
by Lemma 3.3. The proof is now complete. 0

As a special case of 3.6, we get that
fig = (—1)""".

This shows (7). The proof of the Proposition 2.14 is complete.

4. CONSEQUENCE OF PROPOSITION 2.15

The aim of this section is to prove the following

Proposition 4.1. Let [ € {0,1,...,n}, let a, B € Y,y and let o and o’ € &,
be such that o ~p, o’. Assume that b > (n — 1)a. Then

aqof~t ~p a0’ 57

REMARKS - (1) The condition o ~, ¢’ does not depend on the choice of a and b in
I'. Indeed, by [5, Theorem 1|, o ~1 ¢’ in W, if and only if ¢ ~, ¢’ in &,,,_;. But
this last condition depends neither on the choice of b (since t € &;,,—;) nor on the
choice of a (provided that it is in I').

(2) If b > (n — 1)a, then the above proposition is proved in [4, Theorem 7.7] (see
also |1, Corollary 5.2| for the exact bound) by a counting argument. The proof below
will not use this counting argument but uses instead the proposition 2.14: it allows
to extend the scope of validity to the case where b = (n — 1)a (this is compatible
with [2, Conjecture A (b)]). O

Proof. First, recall that ;037! ~1 a;0’3~! by Poposition 2.10. This shows that we
may (and we will) assume that ¢ = ¢’. We want to show that aqof~! ~ o371
We shall use induction on n. So let (P,) denote the following statement:
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(P,) For all [ € [0,n], for all sequences 1 < < -+ < iy < n, for all
o € &, and for all 3 € Yj,,_;, we have ry,ry, -~ 1,087 ~p
riry - -mo 3L

The property (P;) is vacuously true and the property (P,) can be easily checked
by a straightforward computation. So we assume that n > 3 and (P,,) holds for all
m < n. Now, let [ € [0,n], let 1 <43 < --- < ¢ <n be a sequence of elements
of [I,n], let 0 € &;,,—; and let 8 € Y;,,—;. As a consequence of this induction
hypothesis, we get:

Lemma 4.2. If k € [1,1] is such that i), < n, then ;74 -+ 14,0671 ~p,
PL TR,y T o B

Proof. Let w =1y r;, - -rilaﬁ_l and w' =1r1-- ThTigpy rilaﬁ_l. Let us
write w = vz~ ! and w’ = v'2’~! with v, v/ € W;, and z, 2’ € x5, First,
note that

ww' ™ = (ryy o) (r )T €W,
Therefore, x = ' and

o't = (riy -+ oriy) - (1 '?”k)_l e W;,.

Moreover, by Lemma 1.19, we have 0 < (1) < --- < z(i). So, if ¢ € [1, 4],
then v=1(i) < 0 (resp. v'~1(i) < 0) if and only if i € {i1,...,ix} (resp.
{1,...,k}). So, by Lemma 1.15, we have

1

v=r4 -1, 7Y and vV=ry--- TkT’}/_l,

where 7 € G ;,—r and v € Y} ;, —;. But, since i, < n, it follows from the
induction hypothesis that v ~, v'. Here, note that v ~r v" in W;, if and
only if v ~p v' in W, (see |5, Theorem 1]). So, by [10, Proposition 9.11],
we get that w ~p w'. O

Corollary 4.3.
(a) If iy < n, then rir, - - -rilaﬁ*1 ~L T ro L
(b) If iy =n, then riyriy - 1,037 ~p rirg - r_1ro B7L

By Corollary 4.3, we only need to show that
(7) Ty« T11Tn0 3 oy 7y - - - o 3L

Now, let us write 0 = (A, 1), where A € & and p € Sy ). Three cases may
occur:

e Case 1: If A =1 and p = 0yj41,), then o = o414, Since ryry - - rrpoST =
SkSp_1 -+ Si41087 1 for all k > I, we have
P a3 <p et o BT <

—1 1
KL reargoBT LpricmonoB.
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On the other hand, by Proposition 2.14 and Lemma 2.9, we get ry - - -7_ 1103~ <,
r1 -+ 1ri_1rpo 3L This shows (7) in this particular case.

o Case 2: If ;1 # 0141,n), then n > [+ 2 and there exists k € [ +1,n — 1] such that
sgo > o. Let i be maximal such that s;0 > o. We shall prove (7) by descending
induction on 4. For simplification, let x = ry ---r_1r,o8~ L.

First, if i = n — 1, then, by 1.4, we have (since n —2 > 1 — 1)

-1 -1
Sp—2l = T1" " Tl—lsn—QTno-B =Ty Tl—lrnsn—lgﬁ > Sp—2,
_ —1 -1
Sp1T =71 T_18q—1Tn0B 11+ T1Tp103 <

-1 -1
and Sp—28p—1T = 11" T|_18p—2Tn_103 =711 117203 < Sp_1.

So x ~p S,_1x by Corollary 2.4. On the other hand, by Corollary 4.3, we have
Sp1x ~p 1m0 we get (?7) in this case.
Now, assume that [ +1 <i <n — 1. Then s;110 < o (by the maximality of 7).
Two cases may occur:
o Subcase 1: If s;8;,10 < s;y10, then we set 7 = s;,70 < o and
y=1r1--r_17r,737 1. Then y = s;x < x by 1.4. Moreover, still by
1.4, we have

Si1X =11 Ti_1TpSi0 8t > x

and S 18X =11 T1_1TpSiSi103 " < s

So x ~p y by Corollary 2.4. But, by the induction hypothesis (and
since s;417 > T), we have y ~; @787'. But ¢ ~; 7 (again by
Corollary 2.4 and since 8,7 < 7 < 0 = 8,17 < 8,0), 80 @' ~p
a;T37! by (*). This shows (?).

e Subcase 2: If s;8;110 > s;110, then s;.15;,0 > s;0 (by an easy appli-
cation of Lemma 1.1) so, if we set 7 = s;0 and y = ry - -1 17, 707},
we have, by the induction hypothesis, y ~;, a;73~ 1. Moreover, s;,,7 >
T = 8,0 > 0 > s;410 and, by the same argument as in the subcase 1,
we have s;y >y = s;_1x > x > s;2. So x ~1 Yy, 0 ~ 7. So it follows
from (%) and x ~p a;o371, as required.

o Case 3: If A # 1, then weset v =71 ---r_yrpoftand y = ry - 10371, We
want to show that x ~p, y. For this, let 2’ = w,z, ¥ = w,y, 0’ = 6,00, c,_;; and
p" = Bo,0,-1;. Then, by Proposition 1.18,

/ ! r—1 / ! l—1
=g 10’3 and Y =g om0’ B
But, by Corollary 4.3, we have

o' ~prycooraa 370 and Y ~p oo’ 370
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/

Now, if we write o/ = (X, '), with X € &,y and 1 € Sp_iy1,), we have
1 # Opn—i11,) (because A # 1). So, by Case 2, we have

! l—1 ! l—1
Ty 10 B~ B0

Therefore, 2’ = w,x ~1 ¥y = wyy, and so x ~p y by [10, Corollary 11.7]. O

Corollary 4.4. Let | € {1,...,n}, let 1 <iy < -+ < 4y <n, let 0 € &, let
B €Y n and let k € [1,1] be such that b > (ix, — 1)a. Then

Tiy© " TyO ~L T TRl T3, 0.

l

Proof. The proof proceeds essentially as in Lemma 4.2. Let w = r;, ---7;,0, let
w' =1y Ty, - T,0 and let us write w = v~ and W’ = V2’ with v, v € W,
and z, 7' € X0,

Since w'w™ = (ry---rg) Hry -om,) € Wi, we get that x = 2/. The same
argument as in Lemma 4.2 shows that v = r;, -7, 7 and v' = ry - -7’ for some
7, 7 € &;. But v'v! = wwt = (ry--er) i, ooom,), so T = 7. Now, by
Proposition 4.1, v ~p v'. So w ~ w’ by [10, Proposition 9.11]. O

5. PROOF OF PROPOSITION 2.15

Notation. In this section, and only in this section, we assume that
1<l<n—1andthat (n—2)a<b<(n—1)a.

We define a sequence (C});—1 < j < n—1 by induction as follows:

C’l—l = ]-a
Cl - Csla
Cj+1 :Cstrle—Cj,l, 1fl<j<n—2

Let p denote the coefficient of Cal_lg[ in the expansion of Cn—lcala[l’n] in the

l,n]

Kazhdan-Lusztig basis. To prove Proposition 2.15, it is sufficient to show the fol-
lowing statement:

1 it b= (n—1)a,
(5.1) = {Q_lqn_l +Q¢'™ if(n—2)a<b<(n-1)a.
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Proof of 5.1. if r € Z, we set
H.rl= @ AT,= & AC,.

Le(w) <7 Le(w) <7
We shall show that
On—lca

1= Tsn—1~~~81+151a10[z,n]

QN oy, mod (Hall = 2+ HE).

10[l,n

(5.2)

The statement 5.2 will be proved at the end of this section. Let us conclude the
proof of 5.1, assuming that 5.2 holds.
Let

-1 ifb=(n—1)a,
a Q7 '¢" '+ Qq¢"™ if (n—2)a<b< (n—1)a.

We want to show that p = fi. But, by 5.2, we have

~ <0
Cn—loaza[z,n - Csn71-~~81+1smzau,n] - NCaz_la[l,n] € Hall — 2] +H,;".

]
So there exists a family (4,)e,(w) <1-2 of elements of A o such that
Cnflcam[z,n] - Csn—l---SzHSzazU[z,n] - IELCalflo'[l,n] - Z Vwa S H;O_
b(w) <1-2
Let v, = vy + Uy — 14(0). Then
Cn—lcazﬂ[z,n] - Csn—l"‘31+lslal0'[l.n] o laCazfm[z,n] - Z Vqlucw S H;O
Le(w) <12
and 7, = v,,. So, if we set
¢ = Cnflcalo[z,n] - Csn—l---81+181azﬂ[z,n] - ﬂcalflo'[l,n] - Z V;Cw,
Le(w) < 1-2
then
C=C and CeH".
So C' =0 by [10, Theorem 5.2|, and so u = i, as expected. O

So it remains to prove the statement 5.2:

Proof of 5.2. First of all, we have Cala[l’"] = C’alC’U[l,n], since the supports of a; and
opy (in Sy) are disjoint. Moreover, since I <n—1 (i.e. ¢y € W,,_1) and b > (n—2)a,
it follows from [1, Propositions 2.5 and 5.1] that

(5.3) Co=T,+Q )T, +Q ") (T, +Q T, "
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Let H(S,,) denote the sub-A-algebra of H,, generated by Ti,,..., Ts _,. It is the

Hecke algebra of G,, (with parameter a). Then H,[l — 2] is a sub-A-module of H,,.
Therefore, it follows from 5.3 that

Co, = (T, + Q7" D Thetstipron) Tyt mod Hy [l — 2],
1<i<!
But, if 1 <i <[, then
by tiatipr -t = SiSit1 -+ S1-1Q1-101-181-1 * * * Si+1Si,
and 0; = Sj41-; - S1-251-101-151—1 * - - Si+15;- Moreover,
g(Ul) = E(slﬂ,i T 51—251—1) + 6(01713171 T Si+13i)-
Therefore,
al = Tal + Q Z SiSit1°81-1 az 1(T5l+17i“'31725l—1>71 mod Hn[l - 2]
1<i<!
Finally, we get
Caom = Ta,Co +Q7! (T., . . .)'C mod H,[l — 2].
aioy O[1,n] [zl 1] az 1 Cli+1—4,1—1] I(1,n] n
1<i<!

Now, if | — 1< j<n—1, then

j
Cjcalo'[l,n] = Z q%]Td[z,i]TalCU[z,n]
(5.4) i=1-1
+Q7C; Y Ty Tor,(Teyyy iyy) ' Coryy mod H[1— 2.
1<i<!
Proof of 5.4. We shall argue by induction on j. The cases where j =
[ —1or j =1 are obvious. So assume that j € [l,n — 2] and that 5.4
holds for j. By the induction hypothesis, we get

J 7j—1
— ] i—j+1
Cit1Caoy g = Cs;i Z ¢ Ty y 1o, Coyy — Z ¢ Ty TaCoy
i=l—1 i=l—1
+Q_1Cj+1 Z Tc[i,l—l]Talfl (TC[1+1—1,1—11) 1CU[Zn mod Hn[l - 2]
1<i<
Now,
-1
CSJ+1 Tazc Td[l,j+1]TalCU[l,n] +4q Td[z,j]TazCU[z,n]
and, if [ — 1 <17 < 7, then
CSHle[z,i}TazCU[z,n] = T CS]+1C (q +q )Td[lz TazC Oli,n]"

Now 5.4 follows from a straightforward computation. O
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Since dj 4 € Y} ,—;, we have

0
Td[z D TalC Tlm) Td[z, Co O] — Td[z QL1 ] mod H§ )
so, by 5.4, we get
Cn—lcald[z,n] = Td[l,nfl]alo-[l,n]
Q7' Cot S T T (T o) 'Coy mod <Hn[l — 9] +H;o>.
1<i<l
For1<i<llet X, =Q'C,_ 1Ty Tal_l(TC[HI_N_H)_100”’7”. There exists a fam-

ily (ff)lglm,l of elements of Z such that C,,_; = Z[g[l,nfl] frCq,. Moreover,
f[l,n—l] =1. AISO,

(TC[lJrl—i,l—l])_l = Z (q - q_l)i_l_l‘]'Tq,.

JC[l+1—4,1—1]
Therefore,
_ i— J
X = Z J1Q l(q_ ) - |Cd1 Clii— 11Tal—1TCJO"llan'
IC[l,;n—1]
JC[I+1—i,1—1]
Let Ay = FO g — ¢ V- |J|Cd, . 1Taz T, C o If we express A,y in

the standard basis (T, )wew,, then the degree of the Coefﬁcients are bounded by
—b+ (i —1—|J|+ |I])a. Since b > (n — 2)a, this degree is in "<, except if i = [,
J =@ and I = [l,n — 1]. Therefore,

Cnflcazou,n} = Td[l,n—l]alo[l,n] + Al,[l,n—l],@ mod (Hn[l — 2] + ’]—(;0>

But
Al,[l,n—l],@ = Q_l( 1>l lcsn 1 SzTaz 10 Oll,n]
= Q_l( 1)l 1Taz 1Csn 1 SlC Oi,n)
= Q_l( 1>l (q+q 1)n lTaz 1C‘7[Zn

the last equality following from Theorem 2.3 (a). So Ay n_1y,0 = Q'¢" T, ,C,

aj—1 -0 n]

mod H . The proof of 5.2 is complete. O

6. CONSEQUENCE OF PROPOSITION 2.15

The aim of this section is to prove the following proposition:

Proposition 6.1. Let | € {1,...,n} and assume that b <(n — 1)a. Then

§182*** Sp—1A1-10]n—1] ~L 15182 * * * Sp1A1-10]1n—1]-
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Proof. Let uy, = ts152 -+ Sp_141—10(1,—1] = t51*** S—1Q1-15] " * * Sp—101,n—1] = QO p]-
We need to show that tw;, ~ w, (note that tu,, < u;,). We shall argue by in-
duction on n, the cases where n = 1 or 2 being obvious. So assume that n > 3 and
that tu;,—1 ~p up—q if b <(n — 2)a.

First, assume that b <(n — 2)a. Then

Up = U p—15p—1" " SI4+15] ifl<n—1,
Uy = Qp = U—1p—1Sp—1 - S251t if I =n.

By the induction hypothesis, we have tuy,—1 ~r ugn—1 SO, since s, _1--- 5415 and

Sn_1 - s2s51t belong to X!, it follows from [10, Proposition 9.11] that tuy, ~r uyp,.

This means that we may, and we will, assume that (n —2)a < b <(n — 1)a. But,

by Proposition 2.15, we have a;_10(, <1 ;0 = U,,. On the other hand,
LUy = C1u—1101-1010] SL C2i-1]0-10(10] SL*°° SL SI-101-10(1,0] SL Q—10]1 -

SO tuy, ~, Uy, as desired. O

REMARK 6.2 - Note that the converse of Proposition 6.1 also holds. Indeed, if
b> (n—1)a and if x ~; y for some z and y in W, then ((z) = ((y) (see [4,
Theorem 7.7| and [1, Corollary 5.2|. O

7. PROOF OF THEOREM 1.24

7.A. Knuth relations. By the main results of Taskin [13, Theorems 1.2 and 1.3]
or of Pietraho [12, Theorems 3.8 and 3.9, the following three lemmas will be crucial
for our purpose:

Lemma 7.1. Let w € W,, and leti € I.” . Assume that one of the following holds:
(1) iz2and w(i) <w(@—1) <w(@+1),
(2)i<n—2and w(i) <w(i+2) <w(i+1).

Then w ~r ws;.

Lemma 7.2. Let w € W, and let i € I,/ | be such that b > ia and w(i)w(i+1) < 0.

n
R (2

Lemma 7.3. Let w € W, and leti € I." | be such that b < ia and |w(1)| > |w(2)]| >
o> |w(i+1)|. Then w ~pg wt.
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7.B. Proof of Lemma 7.1. Let w € W, and let i € I,/ ;. We need to separate
the two cases:
(1) Ifi>2 and w(i) < w(@i — 1) < w(i + 1), then, by Lemma 1.1, we have
wWs;s;_1 > ws; > w > ws;_1 and so ws; ~g w by 1.23 and Corollary 2.4.
(2) fi<n—2and w(i) < w(i+2) <w(i+1), then ws;s;11 > ws; > w > ws;41
and so ws; ~r w by 1.23 and Corollary 2.4.

The proof of Lemma 7.1 is complete.

7.C. Proof of Lemma 7.2. Let w € W, and let i € I_; be such that b > ia and
w(i)w(i+1) < 0. By replacing w by ws; if necessary, we may assume that w(i) < 0
and w(i+ 1) > 0.

Let us write w = xv, with z € Xy(fﬂ) and v € W, ;. Then vs; € W;;; and
ws; = zvs;. Therefore, by [10, Proposition 9.11|, we only need to show that vs; ~, v.
But 0 < z(1) < --- < x(i+1) (see Lemma 1.19), and v(j) € I;4; for all j € I,41. So
v(i)v(i 4+ 1) < 0. This means that we may (and we will) assume that i =n — 1. So
we have

b>(n—1)a, whn-—1)<0 and w(n)>0,
and we want to show that w ~g ws, _1 or, in other words, that

<?) wil ~7, Sn,lwfl.

Let « = ay-1, 0 = 0-1 and 3 = (,-1. Then

wt = aqoqf
By Lemma 1.15, there exists a unique sequence 1 <i; < --- < 7; < n such that
Qap =14 Ty SO
—1 -1
W=y 087

But, again by Lemma 1.15, we have w™'(i) < 0 if and only if i € {iy,...,%4}. So
il =n—1.
So
-1 _ -1
W =1y Ty Te1087
and
Sp_qw L= Tiy * -ril_lrnaﬁ_l.

So the result follows from Proposition 4.1.

7.D. Proof of Lemma 7.3. The proof goes through several steps.

First step: easy reductions. Let w € W, and let i € I” be such that b < ia and
lw™ ()] > |w™(2)] > -+ > Jw (i +1)]. By 1.23, Lemma 7.3 is equivalent to show
that tw ~p w.
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Let j € [1,i] be the unique element such that (j —1)a < b < ja. Then |w™'(1)| >
lw™(2)] > -+ > Jw (j + 1)|. So this shows that we may assume that : = j or, in
other words, that (i — 1)a < b < ‘a.

Let us write w = vz~!, with v € Wiy1 and 2 € X{™. Then 0 < z(1) <

- < x(i + 1) by Lemma 1.19, so [v=(1)] > [v™}(2)] > --- > [v7'(i + 1)|. Then
tw = (tv)x~! with tv € W, so, by [10, Proposition 9.11], it is sufficient to show
that tv ~p v (again, by [5, Theorem 1|, v ~p tv in W;,; if and only if v ~, tv in
W,). This shows that we may (and we will) assume that ¢ = n — 1. In particular,
lw= (k)| =n+1—Fkfor all k € [1,n].

By [10, Corollary 11.7|, this is equivalent to show that tw,w ~ w,w (and note
that |(w,w)™1(1)] > [(wpw)™H(2)] > -+ > [(w,w)~Y(n)]). So, by replacing w by tw,
wpw or tw,w, we may (and we will) assume that w™'(1) > 0 and w='(n) > 0. Since
moreover |w™(1)] = n and |[w™t(n)| = 1, we get w=(1) =n and w™(n) = 1.

As a conclusion, we are now working under the following hypothesis:

Hypothesis. From now on, and until the end of this subsection, we
assume that

(1) (n—2)a<b<(n—1)a,

(2) w (1) =n and w™(n) =1, and

(3) Jw (k)| =n+1—Fk forall k € [1,n].

And recall that we want to show that

(7) tw ~p w.

Second step: decomposition of w. Let v =s,_1---sysyw. Thenv=!(n) =w (1) =n
by (3), so v € W,,_;. Therefore,

(7.4) W= 818y Sp_1V, 81S2---Sp_1 € X, and veW,_;.
Note that

(7.5) v (k) =w (k+1)

for all k € [1,n — 1], so that

(7.6) P D] > T 2) > > T (- 1)

and, by (2),

(7.7) v in—1)=1.

Let us write v = 7y, -+ -1;,0371, with [ = 44(v) = l(w), 1<y < - <y <n—1,
0€6; 11 and €Y1 By 7.7 and Lemma 1.15, we have
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Finally, note that

Proof of 7.9. By 7.7, we have |[v='(iy)| > |v™(i2)] > --- > |[v™!(4;)]. Therefore,
it follows from 1.16 that B(c=%(1)) > B(c™*(l — 1)) > --- > B(c7(1)). Since
o stabilizes the interval [1,{] and since (3 is increasing on [1,[] (because it lies in
Y, n—1), this forces o(k) = k for all k € [1,1].

Similarly, if 1 < j; < -+ < j,—; < n denotes the unique sequence such that [1,n] =
{i, iy U,y g}, then o=t (51)| > o™t (G2)| > -+ > v (Jn)| by 7.7. So
it follows from 1.16 that 3(c=*(1+1)) > B(c'(1+2)) > --- > B(c'(n)) and, since
o stabilizes the interval [[ 4 1,n] and 3 is increasing on the same interval, this forces
o(l+k)=n+1—kforke[l,n-1. O

Third step: further reductions. We first need the following elementary result:
(7-10) 8182 8n—1T4y =Ty = Tig+1* " T4 +151415142 ° * * Sn—1-

Proof of 7.10. This follows easily from 1.3 or from 1.4. O

Now, let 7 = s;4185142 - 8,100 = 041,00~ " € 6,,. Then, by 7.10, we have
W =Ty +1Tig+1 Ty T and tw = Ty +1Tig+1 - Ty 41T-
By 7.8, we have b > (i; + 1 — 1)a, so, by Corollary 4.4, we have
W~ rorg s Ty T o and  tw ~p rire s T T,
So we only need to show that rors -7 17 ~p riro-- -1 7. This means that we

may (and we will) assume that (1,42, ...,7%) = (1,2,...,10).

Hypothesis. From now on, we set w' = sy--- sn,lala[HLn_uﬂ_l =
To - '7‘z+10[l+1,n]ﬁ , with 3 € Y1y

We need to show that

(77) tw' ~p w'.

Fourth step: x-operation. We shall now use the s-operation (see §2.C) for show-
ing that we may further reduce to the case where § = 1. For this, we need
to study study the action of the 7;’s on w’, when possible. Recall that w' =
8182+ Sn—1G10[1+17n—1]5_1 with 8 € Yy ,-1-1.

Proposition 7.11. Assume that 3 # 1. Then there exists i € [1,n — 2| such that
w' € Di(W,) and v;(w') = sy Sp_1ai0p41,0-1)0" " where § € Y, ,,_1_; is such that

(5) = £(p) - 1.
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Proof. We have oji1,-1101 = Q0[41,0-1]; SO W = $182+ Sp_10p110—1)(@f) " =
5159+ S101,m) (@)™ Let 1 < jy < --+ < jy <n—1 be the unique sequence such
that @0 = r;,rj,---r;. Since () > 0, we have (j1,jo,...,51) # (1,2,...,1), so
there exists k& € [1,1] such that ji — jr—1 = 2 (where jo = 0 by convention). Note
that jr < nso jp + 1 € [2,n]. We have, by 1.16

wl(jk)sl T SlU[l+1,n]<7"j1 o 'sz)fl(jk) = S SlU[l—H,n](k —1— 1)
= —s1--5(l+1—k)
= —(l+2—-k)<0
and
w (jr — 1)s1+ - 5107041, (75, - -rjl)_l(jk —1) = 8150011l +q)
= s1--s(n+1—gq)
= n+1l—-—q¢g>0

for some ¢ € [1,n — I]. Moreover, a similar computation shows that (with the
convention that j;,1 =n+ 1)

ooy {—(l+1—k) if jrp1 = Jr + 1,
w'(j) = e .
n—q if jry1 2 Ji + 2.
In any case, we have
w'(jx) < w'(Gx +1) <w'(jr — 1)
This shows that
w'sj 185, <w'sj_1 <w <w'sj,,
So w' € Dj,_1(W,) and v;,_1(w') = w'sj,_1 < w'. Now, let ' = s, 5. An easy
computation as above shows that 5 < 3, so that §’ € Y, ,,_1_; by Deodhar’s Lemma

(see [6, Lemma 2.1.2]). So 7j, (w') = s1- -+ Sp_10041,n—1)3 " where 3’ € Yy ,,1_; is
such that £(5) = 4(B) — 1. O

Last step: induction on the length of 3. We shall now show (?7) by induction on
(B). If £(B) = 0, then this follows from Proposition 6.1. If ¢(5) > 0, then, by
Proposition 7.11, there exists ¢ € [1,n — 2] such that w' € D;(W,,) and v;(w') =
1+ Sno100p41,n—1)0 " where 3 € Y,,_1_; is such that () = ¢(3) — 1. By the
induction hypothesis, we have ~;(w') ~p tv;(w’). But, by Corollary 2.13, we have
ty;(w') = vi(tw'). So vi(w') ~r vi(tw’). Therefore, w' ~p tw’ by 2.11. The proof of
Lemma 7.3 is complete.

7.E. Conclusion. We shall now complete the proof of Theorem 1.24. This will
follow from the results of Taskin [13, Theorems 1.2 and 1.3] or of Pietraho [12,
Theorems 3.8 and 3.9]. The results of Taskin and Pietraho are equivalent, but
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stated in slightly different forms; we could use any of them to conclude. We shall
show here how it is possible to conclude by using Pietraho’s results.

Let us first prove (a). So assume that ra < b < (r + 1)a and let w and w’ be
two elements of W, such that w ~% w’. By [12, Theorems 3.8 and 3.9] and an easy
induction argument, we may assume that we are in one of the following three cases:

o If there exists i € I | such that w' = ws; and one of the following holds
(1) i>2and w(i) <w(i—1) <w(i+1),
(2) i<n—2and w(i) <w(i+2) <w(i+1).
Then w ~r w' by Lemma 7.1.

o If there exists i € IT NI} | such that w' = ws; and w(i)w(i + 1) < 0. Then
w ~r w' by Lemma 7.2 (and because b > ra > ia).

olfr <m—2 w =wtand |w(l)| > |w(2)|] > > |w(r+2)|. Then w ~g w' by
Lemma 7.3 (and because b < (r + 1)a).

This completes the proof of (a) whenever 7 = R. If 7 = L, then the result follows
from 1.23. If 7 = LR, then the result follows from the fact that ~7 ; is generated
by ~7 and ~7,.

The proof of the statement (b) is entirely similar. The proof of Theorem 1.24 is
complete.
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